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1. The Double-Slit Experiment

B There are two basic physical phenomena

Particles and Waves

B Experiments have shown: On an atomic scale,
e particles can behave like waves — double-slit experiment,
electron diffraction

e waves can behave like particles — photoelectric effect,
Compton effect



1. The Double-Slit Experiment

B Basic property of waves: they can interfere

B Experiments have shown: Electrons can also interfere.

B From aconceptua point of view, the double-dlit experiment shows
thisin the most clean and transparent way.



1. The Double-Slit Experiment

B Experimental setup:



1. The Double-Slit Experiment

B Experimental setup: with laser light, this can be done at school

B \With electrons, the actual setup is quite sophisticated (later more on this)



1. The Double-Slit Experiment

B thefollowing interference pattern shows up: single-dit / double-dlit :



1. The Double-Slit Experiment

B thefollowing interference pattern shows up: same as before,
section in the middle magnified:

single-dlit:

double-dlit:



1. The Double-Slit Experiment

B thefollowing interference pattern shows up:
double-dlit, with different wavelengths:



1. The Double-Slit Experiment

B thefollowing interference pattern shows up: single-dlit / double-dlit :



1. The Double-Slit Experiment

B Sincethese interference pattern are a basic manifestation of the
wave-like nature of light: let’slook at the details

—  calculation on blackboard .



1. The Double-Slit Experiment

B Now, you can do the same thing with electrons:



1. The Double-Slit Experiment

B evenif you make surethat at most one electron passes the double-dlit
at each time, the interference pattern is building up:

In the following video, there is one electron per second passing
through the double-dlit:

http://physicsworld.com/cwd article/news/201.3/mar/14/feynmans-doubl e-
dit-experiment-gets-a-makeover

B The actual experimental setup is quite sophisticated:

“ The team created a double slit in a gold-coated silicon membrane, in which each
slit is 62 nm wide and 4 um long with a slit separation of 272 nm. To block one slit
at a time, a tiny mask controlled by a piezoelectric actuator was slide back and forth
across the double slits.”


http://physicsworld.com/cws/article/news/2013/mar/14/feynmans-double-slit-experiment-gets-a-makeover
http://physicsworld.com/cws/article/news/2013/mar/14/feynmans-double-slit-experiment-gets-a-makeover

2. Further Interference Experiments



2. Further Interference Experiments

B Historicaly, the wave-like nature of electrons has not been revealed
directly through a double-dlit experiment, but through diffraction
experiments on crystals whose results |looked very similar to those
of x-ray (Roentgen-Strahlung) scattering experiments.



2. Further Interference Experiments

B The following experiment can be done with micro waves and the
blue dots being aluminum snippets seperated by a centimeter distance
(we did that at schooal..), or with x-rays and the blue dots being atoms

In some crystal, or with an electron beam and the blue dots again
being atoms in some crystal:

school experiment



2. Further Interference Experiments

B inall cases, atypical interference pattern shows up:



2. Further Interference Experiments

electron diffraction patterns:
monocrystal vs. polycrystal

kaolinite is an industrial mineral
with composition Al,Si,O5(OH),

aluminum foil is polycrystalline:
micro meter scale:

Figure 3. Transmission electron micrographs of PP-0539 kaolhmte
with magnifications of 15000 x (a) and 150000 x (b), Selected area
electron diffraction results are shown in (¢} for several kaolimite plate-
lets and in (d) for a =single platelet revealing the single crystal nature



2. Further Interference Experiments

B inall cases, atypical interference pattern shows up:
diffraction of neutrons (left) vs x-ray diffraction on NaCl crystal:

(b)



2. Further Interference Experiments

B diffraction is astandard method in physics and chemistry to
analyze materials:

electron X-ray neutron
( scattering/electron should read:
by electrostatic by electron cloud by interaction with electrostatic interaction with
scattering repulsion of around nucleus the nucleus nucleus and electrons )
nucleus
resolution moderate moderate high
penetrating poor (requires good good
power thin specimens)
matter high (unreliable none moderate
interaction results)
no no yves (neutrons have
magnetic effects their own magnetic
field)
good for light no no yes
elements
crystals crystals fuel rods,
particular uses archaeological
artefacts




2. Further Interference Experiments

B DNA has been decoded by x-ray diffraction:

Rosalind Franklin



2. Further Interference Experiments

Laser light analog
of Rosalind Franklin’s
“Photograph 51" :

(at & 2010 meeting of
the American Physical
Society)



2. Further Interference Experiments

B Meanwhile interference has been demonstrated with quite large molecules:



3. The Postulates of Quantum Mechanics



3. The Postulates of Quantum Mechanics

B The postulates of quantum mechanics connect things from the real
world with things in a physical theory formalized by mathematical
expressions and equations.

B Sincetherea world is not a mathematical object, the postulates of
guantum mechanics cannot be compared to, for example, the axioms
of the real numbers which is something which takes place purely
INn @ mathematics-world.

B For example, in our second talk we want to calculate the energy
spectrum of the hydrogen atom. Since the hydrogen atom has only
one electron, we don’'t have to say anything about the modelling of
multi-particle states, we don’t have to say anything about fermions
and bosons. We also can ignore electron spin since we won't apply
any magnetic fields.



3. The Postulates of Quantum Mechanics

B Asaresult, depending on where you look, which book or which

web-page, you can find lists with postulates ranging from 2 or 3
up to 8 or 9 postulates.

B For our purposes, the following list with 4 postulates is appropriate:

(P1) Quantum state — a normalized vector in a Hilbert space

(P2) Observable — Hermitian operator
(P3) Possible measurement values of observable M — eigenvalues of M”
(P4) Time-evolution of a quantum state — Schroedinger equation

B |n more detail:



3. The Postulates of Quantum Mechanics

B Postulates (P1) and (P2):



3. The Postulates of Quantum Mechanics

B Postulate (P2): M and M for the most important observables:



3. The Postulates of Quantum Mechanics

B Postulates (P3) and (P4):



3. The Postulates of Quantum Mechanics

B |n postulate (P3) it is stated:
“*Asthe result of the measurement process, the state of the system
suddenly changes from psi to psi_n”

B Thisisformulated as a postulate since actually one does not really
know of what exactly is going on.

B The processitself isreferred to as “wave-function collapse’. So this
IS something at the very bottom of quantum mechanics.



3. The Postulates of Quantum Mechanics

B |nthelast 15-20 years there has been considerable research activity on
thisissue. A very nice, very readable and quite recent overview over
the subject has been given in “Models of Wave-function Collapse,
Underlying Theories, and Experimental Tests’ by Angelo Bass,
Kinjalk Lochan, Seema Satin, Tgjinder P. Singh and Hendrik Ulbricht:

https://arxiv.org/abs/1204.4325

B |n section 5 we demonstrate a (or, “the”?) mechanism for wave-
function collapse in a simple demo-mode!.


https://arxiv.org/abs/1204.4325

Part |l :
4. The Energy Spectrum of the Hydrogen Atom



4. The Energy Spectrum of the Hydrogen Atom

..we do this on the blackboard.

B The Balmer seriesisin the visible spectrum of the H-atom:



4. The Energy Spectrum of the Hydrogen Atom

B energy levelsin the H-atom:



4. Appendix to Radial Eigenfunctions:

B Thereisthefollowing result: (from Szego: Orthogonal Polynomials, 1939)

b6.7. Closure

Here we prove the analogue of Theorem 3.1.5 for Laguerre and Hermite
polynomials. The main difficulty of these cases is due to the fact that the
orthogonality interval is infinite. Using the customary notation (§1.1), we
have the following theorem:

TueoreM 5.7.1. The system

(5.7.1) e gy, «a>—-1,n=012 ...,
is closed in LQ(O, + o); the system
(5.7.2) e, n=2012 ..,

is closed in L*'(— 0, 4+ ).

This statement is equivalent to the closure of the systems {¢~ ~= 2L (2))
and (™" H . (2)}, respectwely Theorem 5.7.1 remains true, of course, if we
replace ¢ = by ¢ * and ¢ “/* by ¢, respectively. The idea of the following
proof 1s due to J. von Neumann (see Hilbert-Courant 1, pp. 81-82).



4. Appendix to Radial Eigenfunctions:
B Thefirst statement (5.7.1) meansthat (taking alpha=4 and alpha=10)
XN2  XN3, XM X5, XMe , XM ... times exp(-x/2)
Isabasis of L"2(0,infty), but that
X5, X6, XN ... times exp(-x/2)
Isalso abasis of L*2(0,infty).

Since this looks somewhat counter intuitive, let’s make a quick
R-simulation:



4. Appendix to Radial Eigenfunctions:

B expanding astep function chi_[0,2](x) on [0,4] with respect to the
pOIynomiaIS XA5, XA6, XA7, ey X0 (starting with x*15 there are numerical issues..)



4. Appendix to Radial Eigenfunctions:

B “the systemisclosed’ in the book of Szego means actually complete:

1.6. Closure; integral approximations

(1) DermNiTiOoN. Let p = 1, and let a(z) be a non-decreasing function in [a, b)
which is not constant.*  Let the functions

(151) fl}(-'r),fl(:r-),f!(x), T ,fn(.'.t:}, ‘-

be of the class Li(a, b). The system (1.5.1) s called closed in L% (a, b) if for every
f(z) of LZ(a, b) and for every ¢ > 0 a function of the form

(1.5.2) k(z) = cofo(z) + afilz) + - + cafa(2)
exists such thal

b
(1.5.3) f 1f(z) — k(z) |"da(z) < e

With regard to this definition see Kaczmarz-Steinhaus 1, p. 49. These authors
use the term ‘“Abgeschlossenheit’ for “‘closure.”



5. A Closer Look at the Postulates: Wave-Collapse Models and
Nonlinear Schroedinger Equations



5. A Closer Look at the Postulates. Wave-Collapse Models

B Quick reminder: In postulate (P3) it is stated:
“*Asthe result of the measurement process, the state of the system
suddenly changes from psi to psi_n”

B Thisisformulated as a postulate since actually one does not really
know of what is going on there.

B The processitself isreferred to as “wave-function collapse’. So this
IS something at the very bottom of quantum mechanics.



5. A Closer Look at the Postulates. Wave-Collapse Models

B The Schroedinger equation is alinear equation:
If psi; and psi, are two solutions, then also the sum is a solution.

B Thisisnot just taken as a mathematical fact, but has the following
physical interpretation:
If psi, Isasolution which corresponds to physical reality, for
example, the electron is at position P1 in space, and if psl, isasolution
which corresponds to physical reality, for example, the electron is at
position P2 in space, then the wavefunction

ps = lsgrt(2) * psi; + 1/sgrt(2) * psi,

IS not just mathematically a solution of the Schroedinger equation, but
the interpretation is, that this actually corresponds to a physical reality.



5. A Closer Look at the Postulates. Wave-Collapse Models

Apparently, makroscopic objects have unigue positions in space.

B Soyoucan'tjust say, | take afootball and two wave functions which
locate the football at positions P1 and P2 respectively and then the
combined wave function

ps = lsgrt(2) * psi; + 1/sgrt(2) * psi,
locates the football ssimultaneoudly at positions P1 and P2.

B |n other words, the superposition principle does not hold for
makroscopic objects.

B Now, the overwhealming majority of physicists (and I would think

also the people in this room) share the deep believe that there must

be some universal theory of nature which appliesto all scales, not
just one theory for microscopic things and another theory for
makroscopic issues. At least, in principle.



5. A Closer Look at the Postulates. Wave-Collapse Models

B \Wave-collapse models are an attempt to interpolate between quantum
mechanics and classical mechanics with a unified theory, which has
both quantum mechanics and classical mechanics as limiting cases.

The basic mathematical mechanism ( seethe notes “Wave-function Collapse
which should do thisis as follows: Models: The Basic Mechanism”

on the summer school web page)



5. A Closer Look at the Postulates. Wave-Collapse Models

B |et’'ssmulate the SDE-system (12), (8):
B \\etake an N-state system with energies
eps n=n for n=1,2,...,N

B Theinitial state is asuperposition of eigenstates with equal probability
for each eigenstate. That is,

lc n0O*2 = 1/N for n=1,2,...,N
B \Wewould like to see that, as time evolves, exactly one of the |c_n.t]|

convergesto 1, and al the other ¢ _n,t converge to zero, depending
on which Brownian path has realized:

“the wave function has collapsed onto the elgenstate phi_n”



5. A Closer Look at the Postulates. Wave-Collapse Models

B Exactly thisbehaviour can beseen: T =1, N =4, lambda = 2

N= 4, lambda= 2
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5. A Closer Look at the Postulates. Wave-Collapse Models

B Exactly this behaviour can be seen: different random numbers

N= 4, lambda= 2
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5. A Closer Look at the Postulates. Wave-Collapse Models

B Exactly this behaviour can be seen: different random numbers

N= 4, lambda= 2
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5. A Closer Look at the Postulates. Wave-Collapse Models

B N =4 nowlambdasmaler: lambda= 0.5

N= 4,lambhda= 0.5
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5. A Closer Look at the Postulates. Wave-Collapse Models

B N =4 nowlambdasmaler: lambda= 0.5, different random numbers

N= 4,lambhda= 0.5
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5. A Closer Look at the Postulates. Wave-Collapse Models

B N =4 nowlambdasmaler: lambda= 0.5, different random numbers

N= 4,lambhda= 0.5
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5. A Closer Look at the Postulates. Wave-Collapse Models

B N =4, nowlambdalarger: lambda=5

N= 4,lambhda= 5§
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5. A Closer Look at the Postulates. Wave-Collapse Models

B N =4, nowlambdalarger: lambda =5, different random numbers

N= 4,lambhda= 5§
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5. A Closer Look at the Postulates. Wave-Collapse Models

B N =4, nowlambdalarger: lambda =5, different random numbers

N= 4,lambhda= 5§
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5. A Closer Look at the Postulates. Wave-Collapse Models

B Now N =40instead of N =4, lambda=2: sill T=1

N= 40, lambda= 2

1.2

1.0

0.8
|

c_{nt}"2
0.4 0.6
]

0.2

0.0
|

-0.2
I

| | | | | |
De+00 2e+04 da+04 Ge+04 ge+04 1e+05

number oftime steps dt



5. A Closer Look at the Postulates. Wave-Collapse Models

B N =40instead of N =4, |lambda= 2, different random numbers

N= 40, lambda= 2
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5. A Closer Look at the Postulates. Wave-Collapse Models

B N =40instead of N =4, |lambda= 2, different random numbers

N= 40, lambda= 2
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5. A Closer Look at the Postulates. Wave-Collapse Models

B N =40, now lambdasmaller, lambda= 0.5

N= 40, lambda= 0.5
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5. A Closer Look at the Postulates. Wave-Collapse Models

B N =40, lambda= 0.5, different random numbers

N= 40, lambda= 0.5
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5. A Closer Look at the Postulates. Wave-Collapse Models

B N =40, lambda= 0.5, different random numbers

N= 40, lambda= 0.5

o= _|

= _|

[au]

@
&S]
5
&3 =t
o =]

* *
+
-l#
- ,. “.,‘“ ,
LAl i

- * T mh o

= b8

(|

S 4

[ [ [ [ [ [
Oe+00 Ze+04 4e+04 Ge+04 Se+04 1e+05

number of time steps dt



5. A Closer Look at the Postulates. Wave-Collapse Models

B N =40, now lambdalarger, lambda=5

N= 40, lambda= 5
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5. A Closer Look at the Postulates. Wave-Collapse Models

B N =40, lambda =5, different random numbers

N= 40, lambda= 5
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5. A Closer Look at the Postulates. Wave-Collapse Models

B N =40, lambda =5, different random numbers

N= 40, lambda= 5
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Thank you for your attention!
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